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We study the D’Atri condition on homogeneous spaces of Iwasawa type, which are
represented as solvable Lie groups S with left invariant metrics satisfying certain
properties. D’Atri spaces, by deﬁnition, are Riemannian manifolds whose geodesic symme-
tries are volume-preserving, up to sign; in particular, symmetric spaces and harmonic
spaces are all D’Atri spaces.
In this article we characterize the D’Atri spaces S of Iwasawa type in terms of a, a special
Lie subalgebra of s, the Lie algebra of S , whose dimension deﬁnes the algebraic rank
of S . In case of algebraic rank one, we show that being harmonic and D’Atri spaces are
equivalent conditions. As an application, we obtain the description of D’Atri spaces of
Iwasawa type and rank one: they are, up to scaling, Damek–Ricci spaces.
© 2009 Elsevier B.V. All rights reserved.
Usually, symmetric spaces are deﬁned as Riemannian manifolds whose geodesic symmetries are globally deﬁned isome-
tries. Hence, these geodesic symmetries are volume-preserving. This fact led D’Atri and Nickerson to study Riemannian
manifolds satisfying this property (see [4]), that are known as D’Atri spaces.
By deﬁnition, a Riemannian manifold M is said to be a D’Atri space if geodesic symmetries are volume-preserving, up
to sign. Further, if M is a real analytic manifold, then D’Atri spaces M are characterized as those satisfying the Ledger
conditions of odd order at all points of M; that is L2k+1 = 0 for all k 1.
The most important examples of D’Atri spaces are naturally reductive homogeneous spaces, containing the symmetric
spaces as special cases; more generally Riemannian manifolds all of whose geodesics are orbits of one-parameter subgroups
(g.o spaces); harmonic spaces, thus including Damek–Ricci spaces (see [3]). Other examples of D’Atri spaces are all groups
of Heisenberg type and the so-called commutative spaces. See [10] for references about D’Atri spaces and related topics.
In [12] it is shown that in dimension three, the condition L3 = 0 alone forces M to be homogeneous D’Atri. If dimM = 4,
D’Atri Einstein spaces M are symmetric (see [11]). Moreover, in [1] was proved that homogeneous simply connected D’Atri
spaces of dimension four are naturally reductive spaces. Further, in this paper the authors classify the four dimensional
homogeneous spaces satisfying L3 = 0. Recall that this condition is deﬁned by (∇X ric)(X, X) = 0 for all X ∈ SM, where
ric(X, X) denotes the Ricci curvature of X .
In this article we study the D’Atri condition on spaces of Iwasawa type. Spaces of Iwasawa type are represented as
simply connected, solvable Lie groups with left invariant metrics, which are known as solvmanifolds. This class contains
the symmetric spaces of non-compact type, and more generally the irreducible non-ﬂat homogeneous Hadamard (Einstein)
manifolds. They are represented as spaces of Iwasawa type (by a result of [7]) being Damek–Ricci spaces a distinguished
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654 M.J. Druetta / Differential Geometry and its Applications 27 (2009) 653–660subclass: they play the role of models within the class of Iwasawa type spaces of algebraic rank one, and are deﬁned as
solvable extensions of codimension one of the Heisenberg type groups with left invariant metrics; the rank one symmetric
spaces are characterized here, as those whose sectional curvature is strictly negative. Furthermore, it was shown by J. Heber
in [8] that simply connected homogeneous harmonic (asymptotically harmonic Einstein) spaces are exactly Damek–Ricci
spaces.
In our main result, Theorem 2.2, we describe D’Atri spaces S of Iwasawa type of arbitrary algebraic rank, in terms of the
Lie algebra a (the orthogonal complement of the commutator [s, s] in s, the Lie algebra of S), whose dimension deﬁnes the
algebraic rank of S . In the particular case of algebraic rank one we obtain,
Theorem 2.5. If M is a D’Atri space of Iwasawa type and algebraic rank one, then M is a harmonic space.
Hence, being harmonic and D’Atri are equivalent conditions on S . As a consequence, we give the characterization of
D’Atri spaces of Iwasawa type and algebraic rank one by applying Theorem 2.9 of [8],
Corollary 2.6. If M is a D’Atri space of Iwasawa type and algebraic rank one, then M is, up to scaling of the metric, a Damek–Ricci
space.
We remark that the result of Theorem 2.5 was proved by J. Heber in [6, Theorem 4.7] for the proper subclass of irre-
ducible homogeneous Hadamard manifolds (simply connected, complete of non-positive curvature) of algebraic rank one; in
the proof the author uses techniques which are speciﬁc of Hadamard solvmanifolds. In our work, Theorem 2.5 is proved in
spaces of Iwasawa type without curvature restrictions.
1. Preliminaries
Let M be a complete Riemannian manifold and let m be a ﬁxed point in M . For a unit vector v ∈ TmM we denote by γv
the geodesic on M with γv(0) =m, and γ ′v(0) = v . Let {ei: i = 1, . . . ,n} be an orthonormal basis of TmM such that e1 = v
and consider the n − 1 Jacobi vector ﬁelds Yi , i = 2, . . . ,n, along γv determined by the conditions Yi(0) = 0 and Y ′i (0) = ei ,
i = 2, . . . ,n. Recall that Jacobi vector ﬁelds along γv satisfy the second order differential equation
Y ′′(t) + Rγ ′v (t)Y (t) = 0
and for small t > 0, these vectors {Yi(t)} determines a basis for γ ′v(t)⊥ ⊂ Tγv (t)M .
Let {Ei(t): i = 1, . . . ,n} denote the parallel translation of the basis {ei: i = 1, . . . ,n} along γv and deﬁne Av(t) by
Av(t)Ei(t) = Yi(t), i = 2, . . . ,n.
Thus, Av(t) ∈ End (γ ′v (t)⊥) is the Lagrange tensor along γv ; that is, Av(t) satisﬁes the Jacobi equation
A′′v(t) + Rγ ′v (t) ◦ Av(t) = 0
with the initial conditions Av(0) = 0, A′v(0) = Id and Sv(t) = A′v(t) ◦ Av(t)−1, where deﬁned, is a symmetric operator.
Moreover, the frame ﬁelds { ∂
∂xi
: i = 1, . . . ,n} in normal coordinates (x1, . . . , xn) associated to {ei: i = 1, . . . ,n} and {Yi: i =
1, . . . ,n} are related by
Yi(t) = t ∂
∂xi
(
γv(t)
)
, i = 2, . . . ,n, for small t > 0.
If g denotes the Riemannian metric in normal coordinates, gij = g( ∂∂xi , ∂∂x j ), then at p = γv (t) = expm tv
g(p) = (gij(p))=
(
1 0
0 1
t2
(Aτv (t)Av(t))
)
,
where the matrix Aτv (t)Av(t) is taken with respect to the parallel orthonormal basis {Ei(t), i = 2, . . . ,n}.
Therefore, for each small t > 0, the normal volume element ω (that is, the Riemannian volume element in normal
coordinates), expressed by the classical formula ω =√det g dx1 ∧ · · · ∧ dxn , gives the normal volume density function
ωm(p) =
√
det g(p) = t1−n det Av(t), p = expm tv,
with g(m) = 1. Moreover, the volume element and the mean curvature of the geodesic sphere Gm(t) = {γw(t) =
expm tw: w ∈ TmM , |w| = 1} at γv (t), are given by det Av(t) and hv(t) = tr Sv(t), respectively.
Here, the shape operator Sm of Gm(t) ⊂ M deﬁned at p = expm tv by (∇ ∂∂t )(p) is expressed by Sm(γv (t)) = Sv (t), as
above.
The following lemma, that is an immediate consequence of the deﬁnition of the operators Av(t) and Sv(t) along γv (t),
will be useful in what follows.
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Adϕ(v)(t) = dϕp ◦ Av(t) ◦ (dϕp)−1 and
Sdϕ(v)(t) = dϕp ◦ Sv(t) ◦ (dϕp)−1, whenever Sv (t) is deﬁned.
1.1. D’Atri spaces
We say that M is a D’Atri space if det Av(t) = det A−v(t) holds for all v ∈ SM and for all t  0. Equivalently, for all m ∈ M
the geodesic symmetry sm deﬁned by sm(p) = expm(−exp−1m (p)) (locally deﬁned), is volume-preserving, up to sign (see [6,
Remarks 4.3]).
Note that if we consider the volume density function wm(p) expressed as the series
wm(p) =
∞∑
k=0
1
k! Akt
k at p = expm tv, |v| = 1,
where Ak = dkdsk |s=0wm(γv (s)), it is well known that Ak are certain polynomials of the curvature tensor and its derivatives
at each point m; the D’Atri condition on M implies that A2k+1 = 0 for all k  1 on M . These conditions are equivalent to
the Ledger conditions of odd order L2k+1 = 0 for all k  1 (see [10]). Moreover, the same result is obtained by considering
the power series expansion of the function det Av(t) on real t , since γ−v (t) = γv(−t) and the D’Atri condition means
wm(γv (t)) = wm(γ−v (t)) for any v ∈ SM and every small t  0.
Recall that M is harmonic if the volume element of geodesic spheres Gm(t), small t > 0, does not depend on v; equiva-
lently small geodesic spheres Gm(t) have constant mean curvature. For general references about D’Atri spaces and harmonic
spaces see [10] and [2, Chap. 6].
1.2. Basic facts
First we remark the following useful fact in the sequel,
d
dt
(
det Av(t)
)= det Av(t) tr Sv(t) for all v ∈ SM and small t > 0. (1)
This fact follows by applying the expression of the differential of the determinant of matrices det: GL(n,R) → R, given by
ddetA(A · B) = det A · tr B , since
d
dt
(
det Av(t)
)= (ddet)Av (t)(A′v(t))= det Av(t) tr(A′v(t) ◦ Av(t)−1)
and Sv (t) = A′v(t) ◦ Av(t)−1.
Note that for small t > 0, det Av(t) > 0 and det A′v(t) = 0. Moreover, since Av(t) is expressed in terms of the orthonormal
parallel basis {Ei(t): i = 2, . . . ,n}, it follows that A′v(t), the covariant derivative of Av(t) along γv , has the usual derivative
of the matrix of Av(t) (that is derivatives in each entry of the matrix Av(t)) as associated matrix in terms of the same
parallel basis.
In fact, if Av(t)Ei(t) = Yi(t), i = 2, . . . ,n, then A′v(t)Ei(t) = Y ′i (t), i = 2, . . . ,n, by computing
A′v(t)Ei(t) =
(∇γ ′v (t)Av(t))Ei(t)
= ∇γ ′v (t)
(
Av(t)Ei(t)
)− Av(t)(∇γ ′v (t)Ei(t))
= ∇γ ′v (t)
(
Av(t)Ei(t)
)= ∇γ ′v (t)Yi(t) = Y ′i (t),
since ∇γ ′v (t)Ei(t) = 0 for all t . From the expression Yi(t) =
∑
j ai j(t)E j(t) we have that Y
′
i (t) =
∑
j a
′
i j(t)E j(t).
As a consequence of (1) it follows that
d
dt
log
(
det Av(t)
)= ddt (det Av(t))
det Av(t)
= tr Sv (t) for all v ∈ SM and t > 0, (2)
whenever Sv(t) is deﬁned.
The following proposition is an immediate consequence of the formula (2) above. Although it is known we include a
simple proof for completeness.
Proposition 1.2. If M is a D’Atri space, then for every small t > 0
tr Sv(t) = tr S−v(t) for all v ∈ SM.
The converse holds in the case of a real analytic manifold M.
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tr Sv(t) = d
dt
log
(
det Av(t)
)= d
dt
log
(
det A−v(t)
)
= tr S−v(t)
since the D’Atri condition means that det Av(t) = det A−v(t). Thus, for every small t > 0, tr Sv(t) = tr S−v (t).
The converse is proved in [9] for a real analytic manifold M . 
Proposition 1.3. Let M be a complete Riemannian manifold. Then, M is a D’Atri space iff for every t > 0, the function v → det Av(t)
on SM is invariant under the geodesic ﬂow.
Proof. See [6, Lemma 4.6]. 
Note that from this proposition we that det Av(t) = det Aγ ′v (s)(t) for all t > 0 and for all real s  0, since the geodesic
ﬂow {gs} is deﬁned by gs(v) = (γv (s), γ ′v(s)) for any v ∈ SM and s ∈ R.
Corollary 1.4. If M is a D’Atri space, then the function v → tr Sv(t) on SM is invariant under the geodesic ﬂow, whenever Sv (t) is
deﬁned ( for every small t > 0).
Proof. Assume that M is a D’Atri space. By applying (2), for any v ∈ SM and any real s 0 we have that
d
dt
log
(
det Av(t)
)= tr Sv(t)
and
d
dt
log
(
det Ags(v)(t)
)= tr Sgs(v)(t).
Thus, using that det Av(t) = det Ags(v)(t) for all t > 0 and s 0 (Proposition 1.3) it follows that
tr Sgs(v)(t) =
d
dt
log
(
det Ags(v)(t)
)
= d
dt
log
(
det Av(t)
)= tr Sv (t).
Hence, the function v → tr Sv (t) on SM is invariant under the geodesic ﬂow. 
2. Lie algebras of Iwasawa type and D’Atri spaces
A solvable Lie algebra s with inner product 〈, 〉 is a metric Lie algebra of Iwasawa type, if it satisﬁes the conditions
(i) s = n ⊕ a where n = [s, s] and a, the orthogonal complement of n, is abelian.
(ii) The operators adH |n are symmetric and non-zero for all H ∈ a.
(iii) There exits H0 ∈ a such that adH0 |n has all positive eigenvalues.
The simply connected Lie group S with Lie algebra s and left invariant metric g induced by the inner product 〈, 〉 will
be called a space of Iwasawa type. The algebraic rank of S (equivalently s) is deﬁned by dima.
In what follows we assume that M = S and ﬁx m = e, the identity of the group S; we identify s with Te S by X = X˜e ,
where X˜ denotes the left invariant ﬁeld on S associated to X ∈ s. The Levi Civita connection ∇˜ at e, denoted by ∇ , and the
curvature tensor R associated to the metric can be computed by
2〈∇X Y , Z〉 =
〈[X, Y ], Z 〉− 〈[Y , Z ], X 〉+ 〈[Z , X], Y 〉,
R(X, Y ) = [∇X ,∇Y ] − ∇[X,Y ]
for any X, Y , Z in s. By a direct calculation using the above formula one obtains ∇H = 0 and hence RH = −ad2H for all
H ∈ a.
S is a D’Atri space if and only if det AX (t) = det A−X (t) for all unit vector X ∈ s and for all t > 0. Equivalently,
tr S X (t) = tr S−X (t) for all X ∈ s, |X | = 1, and small t > 0
since S is a Lie group, hence a real analytic manifold (see Proposition 1.2).
Recall that S is harmonic if there exists a real function f deﬁned on [0,∞) such that det AX (t) = f (t) for all unit X ∈ s
and t  0. Equivalently, if tr S X (t) = tr(A′ (t) ◦ AX (t)−1) = h(t) for some function h deﬁned for small t > 0.X
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geodesic by the identity e of S and we express
γ ′X (t) = (dLγX (t))e˜ x(t) for all real t,
with x˜(t) the curve uniquely deﬁned in the unit sphere of s = Te S, then
x˜(t) = H (γX (t) = exp tH) or lim
t→+∞ x˜(t) = H
for some H ∈ a, by taking a sequence if necessary. In the case dima = 1, H = −H0 .
Proof. Let s = n⊕ a be the Lie algebra of S , and we choose H0 ∈ a (⊥ n) so that adH0 |n as all positive eigenvalues. We take
an orthonormal basis {Hi: i = 0, . . . ,k} of a, and express
x˜(t) = x(t) + g0(t)H0 +
k∑
i=1
gi(t)Hi,
with x(t) ∈ n, |x(t)|2 +∑ki=0 g2i (t) = 1. Note that by deﬁnition,
gi(t) =
〈˜
x(t), Hi
〉= 〈γ ′X (t), Hi(t)〉 for i = 0, . . . ,k
since LγX (t) is an isometry. Here, we denote by H(t) = (dLγX (t))eH = H˜(γX (t)), the left invariant ﬁeld on S along γX (t)
associated to H ∈ a.
If x(t) ≡ 0 it follows that γX (t) = γH (t) = exp tH with
H = g0(0)H0 +
k∑
i=1
gi(0)Hi ∈ a,
since X = x˜(0); then we assume that x(t) is non-identically zero.
(i) We consider the function g0(t) and we will show that
g′0(t) = −
〈[
H0, x(t)
]
, x(t)
〉
 0 for all t  0.
In fact, using the properties of the left invariant Levi Civita connection ∇˜ (∇˜e = ∇), the facts ∇H = 0, [H, H ′] = 0 for any
H, H ′ ∈ a (a is abelian) and that the metric is left invariant, we compute
g′0(t) =
d
dt
〈
γ ′X (t), H0(t)
〉= ∇˜γ ′X (t)〈γ ′X (t), H0(t)〉
= 〈γ ′X (t), ∇˜γ ′X (t)H0(t)〉= 〈γ ′X (t), ∇˜γ ′X (t) H˜0〉
= 〈(dLγX (t))e˜ x(t), (dLγX (t))e∇˜x(t)H0〉= 〈˜x(t), ∇˜x(t)H0〉
= 〈x(t),∇x(t)H0〉= −〈x(t), [H0, x(t)]〉
= −〈[H0, x(t)], x(t)〉 0.
Note that g′0(t) = 0 iff x(t) = 0, since adH0 |n is positive deﬁnite.
(ii) For some sequence of real numbers {ζn} with ζn → +∞
lim
n→∞ x(ζn) = 0.
To show this fact, ﬁrst we note that it follows from (i) above that g0(t) is a bounded, non-increasing real function of
t (|g0(t)| 1) and consequently there exists limt→+∞ g0(t) = r0. Hence, considering the real sequence tn = n, we have that
g0(tn+1) − g0(tn) = g′0(ζn) with n < ζn < n + 1
for some sequence of real numbers {ζn}. This implies that limn→+∞ g′0(ζn) = 0 since g0(tn+1) − g0(tn) = (g0(tn+1) − r0) +
(r0 − g0(tn)). By taking a subsequence if necessary, we have x(ζn) → X0 ∈ n as n → +∞ (|x(ζn)| 1) and from the equality
g′0(ζn) = −
〈[
H0, x(ζn)
]
, x(ζn)
〉
given by (i), it follows that 〈[H0, X0], X0〉 = 0. Hence, limn→∞ x(ζn) = X0 = 0 since adH0 |n is positive deﬁnite.
Finally, considering the sequence x˜(ζn) in the unit sphere of s
x˜(ζn) = x(ζn) + g0(ζn)H0 +
k∑
gi(ζn)Hi,
i=1
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lim
n→∞
k∑
i=1
gi(ζn)Hi = H ′,
since limn→∞ x(ζn) = 0 and limn→∞ g0(ζn) = r0. Thus,
lim
n→∞ x˜(ζn) = limn→∞ x(ζn) + limn→∞ g0(ζn)H0 + limn→∞
k∑
i=1
gi(ζn)Hi
= r0H0 + H ′ = H ∈ a.
We remark that in the case dima = 1, x˜(t) = x(t) + g0(t)H0 with x(t) ∈ n and |x(t)|2 + g0(t)2 = 1. If x(t) = 0 for all t  0
we have that γX (t) = exp tH0 and g(t) ≡ 1. By the same argument used above to show (ii), it follows that limn→∞ g0(ζn)2 =
1 since |x(ζn)|2 + g0(ζn)2 = 1; consequently, limt→+∞ g0(t)2 = 1 (this limt→+∞ g0(t) exists). Hence,
lim
t→+∞ g0(t) = ±1.
If limt→+∞ g0(t) = 1, we have that g0(t) = 1 for all t  0 since g0(t) is a non-increasing function of t; in this case, γX (t) =
exp tH0. If limt→+∞ g0(t) = −1, it follows that limt→+∞ x˜(t) = −H0. 
Note that in the preceding proposition g0(t) ≡ 0 implies that x(t) ≡ 0 since g′0(t) ≡ 0; in this situation γX (t) = γH (t) for
some H ∈ a. Hence, γ ′X (t) has always non-zero component with respect to H0(t), whenever X /∈ a.
Theorem 2.2. S is a D’Atri space of Iwasawa type if and only if for each unit vector X ∈ s there exists H ∈ a such that
det A±X (t) = det AH (t) for every t  0.
Proof. We take X ∈ s, |X | = 1 and ﬁx t > 0; we will show that det AX (t) = det AH (t) for some H ∈ a.
For all s  0 let γ ′X (s) = (dLγX (s))e˜ x(s) where x˜(s) is deﬁned by Proposition 2.1; for a ﬁxed s  0 we set g = γX (s) and
Y˜ g = (dLg)eY with Y = x˜(s). By applying Lemma 1.1,
A(dLg )eY (t) = (dLg)γY (t) ◦ AY (t) ◦ (dLg)−1γY (t),
it follows that
det Aγ ′X (s)(t) = det A(dLγX (s))e x˜(s)(t)
= det((dLγX (s))γ˜x(s)(t) ◦ Ax˜(s)(t) ◦ (dLγX (s))−1γ˜x(s)(t))
= det Ax˜(s)(t).
Proposition 1.3 and the D’Atri condition imply
det A±X (t) = det Aγ ′X (s)(t) = det Ax˜(s)(t) for all s 0.
Hence, by taking lim as s → +∞, for a sequence if necessary, it follows that
det A±X (t) = det AH (t)
since lims→+∞ x˜(s) = H for some H ∈ a, applying Proposition 2.1 (note that H depends on X ); the statement of the theorem
is proved. 
Corollary 2.3. If S is a D’Atri space of Iwasawa type, then S has no conjugate points.
Proof. Let s be the Lie algebra of S and assume that s = n ⊕ a is the orthogonal decomposition with n = [s, s]. Since a
is abelian, it acts on n by commuting symmetric operators {adH |n: H ∈ a}; consequently n has a unique ada-invariant
orthogonal decomposition into root spaces nλi , where λi ∈ a∗ , i = 1, . . . ,m = dimn, satisﬁes
adH X = λi(H)X for all X ∈ nλi and all H ∈ a.
We ﬁx any H ∈ a and let {X1, . . . , Xm} and {H1,...,Hk−1, Hk = H} be orthonormal bases of n and a, respectively, with Xi ∈ nλi ,
i = 1, . . . ,m. Using the same computations of [5, Proposition 1.1], we obtain a basis {Yi: i = 1, . . . ,m} of Jacobi vector ﬁelds
along γH (t) = exp tH (orthogonal to γH ), where Yi are deﬁned by
Yi(t) = sinh(λi(H)t) Xi(t), Yi(t) = t Xi(t)
λi(H)
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Ym+ j(t) = tH j(t), j = 1, . . . ,k − 1.
Here, for generic X ∈ s we denote by X(t) = X˜(exp tH), the left invariant ﬁeld associated to X along the geodesic γH .
Thus, {Xi(t), i = 1, . . . ,m} ∪ {Hi(t), i = 1, . . . ,k} is a parallel orthonormal basis of eigenvectors of AH (t) with associated
eigenvalues
sinh(λi(H)t)
λi(H)
or t, according to λi(H) = 0 or λi(H) = 0, respectively,
and t with multiplicity dima − 1.
This fact shows that for any H ∈ a, det AH (t) = 0 for all t > 0, since
det AH (t) =
r∏
i=1
sinh(λi(H)t)
λi(H)
· ts+dima−1
where r = #{i: λi(H) = 0} and s = #{i: λi(H) = 0} (r + s =m).
Consequently, for all H ∈ a and t > 0 we have det AH (t) = 0. It follows from Theorem 2.2 that det AX (t) = 0 for all unit
vector X ∈ s. Therefore, any Jacobi vector ﬁeld J along the geodesic γX with J (0) = 0 satisﬁes J (t) = 0 for every t > 0,
implying that S has no conjugate points. 
We remark that it follows from the preceding corollary that the geometric exponential expe : Te S = s → S is a diffeo-
morphism. Thus, the geodesic spheres Ge(t) are deﬁned for all t > 0.
Corollary 2.4. S is a D’Atri space of Iwasawa type if and only if for every t > 0 and each unit vector X ∈ s
tr S±X (t) = tr SH (t) for some H ∈ a.
Proof. Assume that S is a D’Atri space. Let X ∈ s be a unit vector and note that S X (t) is deﬁned for all t > 0. By applying
Lemma 1.1 and following the same argument as that given in the proof of Theorem 2.2, we have
tr Sγ ′X (s)(t) = tr S(dLγX (s))e x˜(s)(t)
= det((dLγX (s))γ˜x(s)(t) ◦ Sx˜(s)(t) ◦ (dLγX (s))−1γ˜x(s)(t))
= tr Sx˜(s)(t).
The fact that S is a D’Atri space and Corollary 1.4 imply that for every t > 0
tr S X (t) = tr Sγ ′X (s)(t) = tr Sx˜(s)(t) for any real s 0.
Hence, by taking lim as s → +∞, for a sequence if necessary, it follows that
tr S±X (t) = tr SH (t) for H ∈ a,
where H = lims→+∞ x˜(s).
The converse is immediate. 
The following theorem was proved in [6, Theorem 4.7] for irreducible homogeneous Hadamard manifolds of algebraic
rank one, by using techniques of solvmanifolds of non-positive curvature. Note that since harmonic spaces are Einstein
(see [2]) and irreducible Hadamard D’Atri solvmanifolds are also Einstein by [6], it follows that in the class of irreducible
Hadamard solvmanifolds, harmonic spaces and D’Atri spaces are represented as spaces of Iwasawa type, by a result of [7].
Theorem 2.5. If S is a homogeneous space of Iwasawa type and algebraic rank one, then S is a D’Atri space if and only if S is a
harmonic space.
Proof. Assuming that S is a D’Atri space, in the case dima = 1 it follows from Theorem 2.2 that for every t  0,
det AX (t) = det AH0(t) for all unit vector X ∈ s.
Thus, S is a harmonic space. 
By applying Theorem 2.9 of [8] we have,
Corollary 2.6. S is a D’Atri space of Iwasawa type and algebraic rank one if and only if S is, up to scaling, a Damek–Ricci space.
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